Therefore, many researchers believe that it is possible and necessary to extend the Locational Marginal Price (LMP), the dominant pricing methodology in the whole-sale transmissionlevel power markets [2] , to the distribution level.
The LMP of a certain location is defined as the marginal cost to supply an increment of load at this location [3] . It has been successfully implemented at a number of ISOs/RTOs at the transmission level and has been well studied in the past decade [2] [3] [4] [5] [6] . Despite the similarities shared with a transmission system, some of the characteristics and tools of the LMP are no longer adoptable in a distribution network. A major difference is that, due to rare occurrence of congestion, DLMP usually consists of only energy and loss components but no congestion component at the distribution level [7] . Moreover, DC optimal power flow (DCOPF), the prevailing tool at the transmission level, is not suitable for DLMP calculation due to the high R/X ratio and incapability of addressing losses. Therefore, modifications are necessary for the LMP methodology to fit in the distribution level.
However, there are only a limited number of literatures discussing distribution LMP (DLMP). An early work formulates the DLMP based on marginal cost of an optimal DG dispatching problem [1] . The DLMP defined in [1] is combined with an extent-of-use method to allocate the loss and remunerate the DG more efficiently compared with the average cost tariff structure [8] . In [9] , a DLMP algorithm which includes renewable energy incentives is proposed to drive controls in the distribution system. In [10] , a sensitivity-based DLMP is proposed based on distribution power flow. In [11] , an integrated DLMP method is designed to alleviate congestion introduced by electric vehicle (EV) loads in future power systems. Besides pricing the losses using marginal cost, DLMP is priced based on loss reduction allocation using game theory in [7] . In [12] , a reliability-based distribution network pricing is proposed for identifying and recovering long-run investment costs.
Besides DLMP formulations, few earlier works explored the methods in solving the OPF or DLMP. In a large practical distribution system, the OPF, if fully modeled, is usually a nonlinear non-convex programming with a large amount of computation required [13] . The computational burden becomes even heavier with high penetration of DGs. Intermittent DGs such as wind and photovoltaic power challenge the traditional operation principles and bring in the voltage and security problem [14] , [15] . Moreover, in the operational horizon, the OPF needs to be performed more frequently [9] , [16] . As a result, non-convex ACOPF becomes an unpractical option as evidenced in utility practices. Meanwhile, the DCOPF for transmission system is not a good candidate to distribution systems with high R/X ratio. An alternative to reformulate the ACOPF into a convex optimization problem is provided in [17] . Still, there is no linearized power flow/OPF formulation specifically designed for distribution system.
With the above motivations, a new DLMP formulation is proposed in this work to extend the previous work in LMP to incorporate reactive power component and voltage constraints. Three modeling tools, namely LPF-D, LF-D, and LOPF-D, are proposed to efficiently solve DLMP. The main contributions of this work are:
• The LPF-D dealing with the high R/X ratio is proposed to provide linear approximation for both voltage magnitudes and angles within an acceptable error range. It serves as the counterpart of DC power flow at the transmission level but is capable of solving voltage magnitudes as well as reactive power flows.
• The LF-D is proposed to provide better estimation of real and reactive losses for distribution system than traditional methods.
• The LOPF-D is proposed to formulate the OPF problem in distribution systems as a linear programming model and achieves decent optimal solutions if benchmarked with ACOPF, while DCOPF produces results with larger errors.
• The DLMP formulation is proposed to explicitly include the reactive power component and the voltage constraints.
• The DLMPs calculated through the formulation using the proposed tools provide close price information as ACOPF. The rest of this paper is organized as follows. Section II introduces the DLMP formulation. Section III presents the LPF-D, LF-D, and LOPF-D. Section IV provides the case study on the 33-bus and two much larger distribution systems. Section V concludes the work.
II. DLMP FORMULATION
Traditionally, the objective function of the OPF model is to minimize the total production cost for active power/energy. Here, both real and reactive power costs are included on the basis that reactive power pricing has been discussed extensively in [18] [19] [20] [21] [22] .
Inclusion of reactive power price in power supply point (PSP), typically a distribution substation interconnecting sub/transmission and distribution, provides the perspective on how the pricing mechanism in transmission will affect distribution systems.
Assume the DGs are dispatchable. This is reasonable when DGs are aggregated by electric vehicle aggregators [11] or loading serving entity aggregators [23] who are economically rational. With the installation of energy storages, such assumption will be more realistic [24] . It is not necessary that DGs are owned by distribution company as long as there is a transparent clearing mechanism. The distribution system can be cleared via a generic OPF model:
where NB is the number of buses; NG is the number of genera- Since the reactive output can be either positive or negative, it is reasonable to add an absolute operator on reactive outputs in the objective function (1) . An additional variable, QQ G i , representing the absolute value and two inequality constraints in (6b) are added for each reactive output in order to keep the formulation as a linear programming model.
The Lagrange function can be defined as follows:
where g i (x) represents the inequality constraints in (4)- (6) . After the optimal solution is solved, the DLMP can be obtained by definition:
where λ p and λ q are the shadow prices of two equality constraints in Eqs. (2) and (3) . In a distribution system, these two prices usually equal to the real price and reactive price at power supply point (PSP). μ i is the shadow prices of voltage constraints (4) . If compared with the DLMP formulation in [1] , the formulation presented in (8) and (9) includes the shadow price of reactive power balance constraint as well as the shadow price of inequality constraints and therefore is a more detailed model. Note, while there are discussions regarding whether or how the reactive power should be priced, the proposed model keeps reactive power price in the algorithm for flexibility. In case if the reactive power price is not considered in the transmission nodal pricing model, the reactive power price at the PSP can be simply set to 0. If it is considered, it can be simply passed to distribution level based on the proposed LOPF-D while the existing DCOPF-based LMP model does not have such component modeled. Thus, it is assumed in this work that the information of the transmission-level price will be passed to the distribution level.
In both (8) and (9), the first element can be recognized as the energy component, while the following two elements are the loss components. There is no congestion component as the line flow constraints are not included in the OPF model as previously mentioned.
The optimization problem described above is nonlinear and non-convex, which leaves optimal solution and DLMPs not easy to solve. In the next section, linearization of the AC power flow model for distribution will be discussed to eventually formulate the proposed DLMP model.
As presented in (1) to (6), the uncertainty of renewable generation is not addressed in this work. However, the linearized formulation related to distribution power flow to be introduced next can serve as a useful tool which can be combined with uncertainty models such as stochastic or robust optimization, because the power flow constraints are the core for such stochastic or robust optimization problems.
III. LPF-D, LF-D AND LOPF-D
The nonlinearity and non-convexity of the OPF formulation are introduced by the nonlinear power flow equations. In this section, a linearized power flow for distribution (LPF-D) is proposed which address the modeling challenge of high R/X ratio in distribution. Then, loss factors for distribution (LF-D) and load shift factors (LSFs) suitable for high-loss distribution system are introduced. Finally, the linearized optimal power flow for distribution system (LOPF-D) is proposed which integrates the proposed LPF-D and LF-D models.
It should be noted that the imbalance of distribution systems is not discussed in this work to simplify the optimization problem. Extension of the proposed approach to three-phase unbalanced distribution systems can be an interesting future work in which the coupling between phases should be considered [25] .
A. Linearized Power Flow for Distribution (LPF-D)
Let i and j be the indices of the sending and receiving buses of a branch. Define z ij , r ij , and x ij as the impedance, resistance, and reactance, respectively, of the branch ij. δ ij represents the voltage angle difference between Buses i and j. The line flow from the sending end S ij is given by
With further expansion of equation (10) by splitting the real and imaginary parts, we have
Equations (12) and (13) can be each divided into two parts as follows:
where
Equations (10) to (19) are based on the full AC model, i.e., no approximation is assumed so far. To derive the linearized power flow equations, the following two assumptions need to be made.
Assumption 1: δ ij ≈ 0. In a distribution system, voltage drop along the branch (i.e., a section of a feeder or a lateral) is small because the distance between two adjacent nodes is normally very short. Thus the value of δ ij should be close enough to zero. Under this assumption, we have
Assumption 2: |V i | ≈ 1p.u. and |V j | ≈ 1p.u. Under normal condition, voltage magnitudes should be operated within a certain range around 1.0 specified by local utilities. However, the low boundary of such range can be typically 0.90-0.95 p.u. or even lower under extreme cases. Thus, compared with the first one, this is a stronger assumption and could potentially introduce error which is also discussed in the simulation tests.
With the above assumptions, Equations (16) to (19) can be further simplified as follows:
Equations (21) to (24) represent the proposed novel linearized power flow model. The real power flow P ij is formed into two independent parts, P ij_1 which is only related to voltage magnitudes and P ij_2 which is only related to voltage angles. Similarly, the reactive power flow Q ij is formed by two independent parts, Q ij_1 which is only related to voltage angle and Q ij_2 which is only related voltage magnitude.
With the above model, injection at Bus i can be formed as (27) where NB is the total number of branches Define the two matrices, B 1 and B 2 :
Rewrite the injections at all the buses except the PSP (the reference bus) which is numbered as Bus 1 in the matrix form.
P', Q', δ' and V' are the vectors of real power injection, reactive power injection, voltage angle, and voltage magnitude, respectively, at Bus 2 to NB. B 1 ' and B 2 ', each with a size of (NB−1) × (NB−1), are the sub-matrices of B 1 and B 2 excluding the first row and the first column. B c 1 and B c 2 are vectors formed using the 2 nd to NB th elements of the first columns in B 1 and B 2 , respectively. δ 1 is the voltage angle of the reference bus and is equal to 0, and V 1 is the voltage magnitude of the reference bus. In power flow calculation, V 1 is a scheduled value typically around 1.0∼1.05 p.u.; while in optimal power flow, V 1 is a variable that can be adjusted. Then, we may define the B matrix on the right hand side of (29) as B E . Since B E is invertible, multiplying B E −1 to both side of (29) shows that the voltage angle and magnitude of non-reference buses are linearly dependent on the injections at the non-reference and the voltage magnitude at the PSP. Therefore, the inequality constraints in (4) can be represented based on (29) .
Note that the proposed LPF-D is not a variant of decoupled or fast-decoupled power flow because 1) the P-V and Q-δ couplings represented by matrices B 1 and -B 1 are not neglected; and 2) the LPF-D does not require iterations. Because the coupling effects of P-V and Q-δ in distribution systems are considered in the proposed linearization, the approximation gives very good results as verified with the simulation studies in Section IV-A.
B. Losses and Loss Factors for Distribution Systems (LF-D)
The loss model plays a more important role in distribution systems. For this reason, a more accurate loss model for distribution is proposed. The radial structure of the network is utilized in this work to derive the loss factors.
A radial distribution system is a tree structure. The PSP, usually the distribution substation bus, is the root (top level) of the tree. For convenience of discussion and implementation, the buses need to be numbered based on the following rules:
1) The index of a node must be greater than its parent's.
2) The root is numbered as 1. If there are NB buses in the system, all nodes are numbered from 1 to NB continuously. 
Define the positive direction of line flow is as from parent node to child node. The line flow of Line L k can be calculated:
As shown in Fig. 1 , the losses over line L k can be given by: Assume constant voltage magnitude at Bus k+1 w.r.t. slight load change at Bus i. Then, the loss factor of line k to the load at Bus i can be found at:
The loss factor w.r.t. the system total losses is the summation of the loss factors w.r.t. the losses of each line.
In (35)-(38), the loss factors are expressed in the form of Load Shift Factors (LSFs), which is equal to Generation Shift Factor multiplied by -1. According to (31) and (32) , the LSFs can be derived as:
Substitute the LSFs in (35) -(38) using (40) -(43). Then, the loss factors for distribution (LF-D) can be expressed in a recursive manner, similar to the backward/forward sweep algorithm for solving radial distribution power flows [26] [27] [28] .
C. Linear Optimal Power Flow for Distribution (LOPF-D)
Although P Loss and Q Loss are not linearly dependent on P G and Q G , the losses can be approximated using Taylor's series by omitting the 2nd and higher order terms, as shown in (44) and (45).
where the partial derivatives of total loss to bus generation (i. According to (29) , (44), and (45), Losses and the voltage magnitudes of non-reference buses are linearly related to the decision variables P G , Q G , and V 1 (P D , Q D are assumed constant). If we substitute (44), (45), and (29) to (2), (3), and (4), the OPF model in (1)-(6) transforms into a simple linear programming problem. However, before solving it, an initial load flow solution for an initial case is needed to calculate the loss factors in (44) and (45). In our study, the initial case is the case where a DG output is set to 0 if DG bid is higher than the PSP price, otherwise its full capacity. The steps to solve the LOPF-D and DLMP are
Step 1: An initial case is solved by LPF-D to calculate the LF-D.
Step 2: With the LF-D in Step 1, the LOPF-D defined in (1)-(6) is solved to determine the optimal P G , Q G , and V 1 .
Step 3: The LF-D are updated with results of LOPF-D solved in step 2 and the DLMP defined in (8)- (9) are calculated. In the whole process, AC power flow or ACOPF is never used. The LPF-D used to solve the initial case is comparable to a run of DC power flow in terms of computational complexity. Thus, the loss factor LF-D can be estimated. Thus, it does not require any knowledge of the present operating point so it is a "cold-start" algorithm. The DLMP can be solved efficiently through the above steps.
To validate our approach, it is compared with not only the ACOPF but also a conventional DCOPF with loss factors. This conventional lossy DCOPF approach, which is simply referred to as the "DCOPF" approach in the Case Study section, can be described as:
Step 1: Initial case is solved using DC power flow to calculate the loss factors; Step 2: DCOPF with loss factors integrated in the energy balance constraints are solved to calculate the optimal dispatch; Step 3: Loss factors are updated and DLMP are calculated. The loss factors are formed based on the DC power flow result [4] . Thus, it is also a "cold-start" algorithm. A difference with the LF-D is that the line flow from DC power flow does not include the losses accumulated along the delivering path, i.e., the GSFs are simply 1 or 0. Such LFs may work well in transmission level where losses are a smaller portion. However, in distribution, larger errors will be introduced and might affect the dispatch results in Step 2.
The conventional lossy DCOPF is different from the proposed LOPF-D in that 1) it does not consider the voltage constraints; and 2) the LFs are calculated differently.
The DLMPs are also calculated based on (8) and (9).
D. Remarks
The LPF-D presented in (21)- (29) which derives the approximate linearity between voltage and bus injection for high R/X ratio distribution system is an important contribution of this work. The LPF-D itself is not limited to radial distribution systems but applicable to meshed distribution systems as well.
The LF-D model which recursively defines the loss factors of radial distribution system is another contribution. With the linear voltage constraints and the recursive defined LF-D, the LOPF-D model which linearizes the ACOPF for radial distribution systems is also a new contribution.
It should be noted that since LF-D depends on the assumption of radial topology (excluding DGs), LF-D and LOPF-D depend on radial topology. To extend the LF-D to weaklymeshed networks, a straight forward approach is to remove the interconnecting components to break the loop through an equivalent transformation proposed in [29] . By removing the interconnecting lines/laterals, the radial system can be achieved. However, an initial power flow needs to be solved in order to determine the line flow which is eventually represented by virtual injections. Another possible route to extend the LOPF-D to weakly-meshed networks is to use conventional loss factors in the transmission system [4] , but it is foreseeable that such route will introduce a larger error. Nevertheless, meshed network can be considered in future works and ignored here due to space limit.
IV. CASE STUDY
The case study is performed first on the 33-bus distribution system for a comprehensive comparison and then on much larger 477-bus and 1021-bus system for justifying the application of the proposed approach. DGs are included in various scenarios to make the studied systems ADNs. The 33-bus system is a 12.66 kV, 33-bus distribution system with a base load of 3720 kW and 2300 kVar [30] . The topology of the system is shown in Fig. 2 . The 477-bus and 1021-bus systems are The numbering of the buses in the 33-bus system following the indexing rules in Section III-B is shown in Fig. 2 . The index of a branch is simply the index of the connected child bus minus 1. Due to space limit, the topologies of the 477-bus and 1021-bus systems are not depicted. Table I , is only 0.1091%.
A. Verification of Power Flow Result of LPF-D
As shown in Fig. 4 , the results of voltage angles from LPF-D are also very close to ACPF. The errors presented in the figure are the absolute differences between the two methods rather than relative errors. Relative errors will be misleading here since voltage angles are reference-dependent and close to 0. The largest error is 0.027 degree at Bus 18 and the average error is 0.0073 degree shown in Table I . Though it is hard to normalize the errors in voltage angles, they will not impact result of losses calculated with (33)-(34) or the LOPF-D, as well as the DLMP proposed in this work because voltage angles are not explicitly involved.
Real power losses over 32 branches are shown in Fig. 5 . Reactive power losses share the exactly same percentage errors. LPF-D yields very close results if compared with ACPF. The largest error is 0.48% over Branch 17 and the average error is 0.23%. According to (33)-(34), the errors of losses over a branch are directly related to the errors of voltages at the end of that branch. Therefore, LPF-D tends to introduce larger errors in branches with lower voltages. However, branches with lower voltage are usually the branches at the end of the distribution feeder which have smaller flows and smaller losses. On the other hand, branches with larger losses often are with higher voltages. This can be seen from Fig. 3 and Fig. 5 . As a result, the errors in the total losses should be more optimistic than the average error. In this test case, the errors in the total losses are 0.14% which is almost 50% less than the average error. This result is consistent with the discussion above.
B. DLMP Result on 33-Bus System
In this subsection, the proposed LOPF-D and DLMP are tested in the 33-bus system. The real and reactive power prices at the PSP are set as $30/MWh and $3/MVarh, respectively.
The DLMPs solved by LOPF-D are compared with the results of ACOPF and the results from the "conventional lossy DCOPF", which is described in the end of Section III-C. For simplicity, the "conventional lossy DCOPF" approach is labeled and referred to as the "DCOPF" approach here. shown in Table II . The DLMPs of real power are shown in Fig. 6 . DLMPs for reactive power follow similar patterns and are not presented (same for the other scenarios).
LOPF-D dispatches all four DGs at their full capacity (0.20 MW, 0.1 MVar). It is the same as the optimal dispatch from ACOPF. While for DCOPF, it only provides the dispatch for real power (all 4 DGs at full capacity) but not reactive power.
In Fig. 6 , the blue curve (ACOPF results) overlaps with the green curve of LOPF-D, while the DCOPF will yield results with more errors if benchmarked with ACOPF. Table III summarizes the errors of DLMP and shows that errors of DCOPF in Scenario 1 are an order higher than LOPF-D.
Scenario B2: The real power price at the DG is set at $31/MWh which is $1/MWh higher than the PSP and reactive power price is set as $4/MVarh which is $1/MVarh higher than the PSP. Other settings are the same as in Scenario 1.
The optimal dispatch results are shown in Table II . For the results of ACOPF, the DG at Bus 22 is not dispatched for real power output. DGs at Bus 22 and Bus 25 are not scheduled to output any reactive power.
The LOPF-D yields exact dispatches in both real and reactive power compared with ACOPF. However, the DCOPF method cannot achieve similar results in the real power dispatch. Because the prices at DGs are all higher than the PSP, DCOPF will not dispatch these DGs. However, it is not the true economic dispatch because the dispatch of the DGs will help reduce the losses and achieve a lower cost/price for this scenario as shown in Figs. 7. The average errors are compared in Table III . Also, the DCOPF results introduce more significant errors if compared with the first scenario.
In this scenario, LOPF-D provides more economical approach than DCOPF. LOPF-D will dispatch DGs at three locations even the cost of these DGs are higher than PSP while DCOPF will dispatch none. Through the DLMP mechanism, these DG owners at good locations can make a profit because of their contribution to loss reduction. Such price mechanism will in turn encourage investment on locations optimal for loss reduction and will be a good approach to reward DG investors. For all three approaches, DGs are operating at their maximum owing to the lower price which creates the reverse power flow. An interesting over voltage problem is caused by the reverse flow at Bus 18, one of the DG locations. The ACOPF lowers the voltage at PSP to 1.01 p.u. in order to pull down the voltage at Bus 18 to 1.05 p.u. The LOPF-D, at the same time, set the voltage at the PSP at 1.01 to maintain the voltages in the feasible range. Such information cannot be provided by DCOPF which excludes voltage constraints.
As shown in Fig. 8 , the real prices at some locations are lower than the PSP. It is seen that LOPF-D follows the results of ACOPF more closely than DCOPF, especially where the prices are the lowest at Buses 15-18. The average error is summarized in Table III . In all three scenarios, the proposed LOPF-D yields very close real and reactive power dispatch if benchmarked with ACOPF while DCOPF is not capable of providing similar results. The DLMPs calculated with the proposed LFs based on the LOPF-D results bring in acceptable errors if benchmarked with the ACOPF results, while the DCOPF will introduce considerable errors.
As for complexity, the computational complexity of the LOPF-D is at the same order with DCOPF which is essentially Linear Programming and is much efficient than ACOPF which is a nonlinear and non-convex programming problem and does not give a straightforward and easy decomposition of LMP.
C. Results on 33-Bus System Under Extreme Conditions
Scenario C1 (Heavy load scenario): To justify the two assumptions made in Section III-A when the LPF-D is derived as well as to show the boundaries of the proposed approach, a case study on the 33-bus system under heavy load condition is performed. The loads of the whole system are scaled up to 150% of the base load, which is chosen because the system with 160% of the base load will not have a feasible ACOPF solution. The scenario with no DG connection is considered.
The voltage magnitudes and real power price of all buses are illustrated in Figs. 9 and 10, respectively. Note, the reactive price follows similar pattern to the real power price so they are not shown here. The lowest voltage is 0.908 p.u. at Bus 18. With such low voltage level, the LOPF-D brings more errors in both voltage magnitudes and prices if compared with the results under base load condition as the two assumptions do not hold well. However, the increased errors which are summarized in Table IV are still within an acceptable range. The errors for voltage magnitude and real power price average below 1% for the LOPF-D while the errors for reactive power price average 3.34%. The errors brought by DCOPF are around 3 times larger in general and even over 10% at some buses, and apparently, DCOPF is not a good approximation of ACOPF.
In order to create extremely low voltage scenarios, the voltage lower bound is relaxed and the load level is further stressed from 170% to 240%. The largest errors of LOPF-D and the comparison with ACOPF results are shown in Fig. 11 . From the right axis, it can be seen that the lowest voltage decreases from 0.9 to as low as 0.8 p.u., which makes the two assumptions not satisfied. From the left axis, the errors increases gradually to as large as 15%. When the voltage is around 0.85 p.u. (200% load level) , the largest error which comes from LMP Q is around 10%. From these extreme case, it is demonstrated that LOPF-D is not suitable for extremely low voltage conditions (lower than 0.85 p.u.) but functions well under normal operating conditions. Scenario C2 (High impedance scenario): A case study for a high-impedance 33-bus system is performed in order to create an extremely low voltage case where the two assumptions are not satisfied. The impedance of each branch in the original system is increased by 190%, which is chosen because the system with 200% impedance will not have a feasible AC power flow solution.
In this case, the lowest voltage is 0.862 p.u. at Bus 18 which represents an even more extreme condition. Such low voltage shall not be allowed in operating condition but only to demonstrate the boundary of the proposed approach here. As a result, the LOPF-D brings more errors in both voltage magnitudes and prices as the two assumptions do not hold well. However, as summarized in Table V , the increased errors are still within an acceptable range. The errors for voltage magnitude and real power price average below 2% for the LOPF-D while the errors for reactive power price average 5.84%. The errors brought by DCOPF are around 3 times larger, and some of those errors are over 20% away from the ACOPF results.
D. Result on the 477-Bus and 1021-Bus Systems
The proposed approaches are further analyzed for two larger systems. The 477-bus system is obtained by duplicating the 69-bus system 7 times using the approach reported in [15] for extending a smaller system to a larger system. There are 42 DGs each at (0.2 MW, ±0.1MVar) with bids of 25 $/MWh and 2$/MVarh distributed at the end of the distribution feeders leaving the DG penetration above 30% (8.4MW/26.6MW). The 1021-bus system is obtained by duplicating the 69-bus system 15 times. There are 90 DGs each at (0.3 MW, ±0.1MVar) with bids of 25$/MWh and 2$/MVarh distributed at the end of the distribution feeders leaving the DG penetration around 47% (27MW/57MW). For the 1021-bus system, the branch impedance is also increased by 20% to increase the losses.
For both systems, the proposed approach successfully solves the optimal dispatch and calculates the DLMPs. The real power prices calculated by ACOPF and LOPF-D sorted by the prices of ACOPF are illustrated in Fig. 12 and Fig. 13 . The errors w.r.t. the ACOPF results are shown in Table VI . As seen in the two figures, the results of LOPF-D follow the results of ACOPF closely. Slightly larger errors are observed at the end of distribution feeders where the prices are relatively higher due to higher losses. From the errors summarized in TABLE VI, we can observed that more errors are introduced in the 1022-bus system due to higher losses/prices. In both cases, the average errors are within a reasonable range, less than 1%. The results on the two large systems demonstrate the validity and accuracy of the proposed approach.
In order to test the proposed approach on systems with more diverse characteristics, the above 477-bus system and 1022-bus system are modified by randomly scaling individual line impedances and loads in the range of (0.9, 1.1) to create a total of 10 different systems. LOPF-D is tested on these randomly generated systems. The errors of the results of LOPF-D and the comparison with the ACOPF results are shown in Tables VII and VIII.  From Tables VII and VIII, 
